We extend the concept of Bloch functions and Bloch norm in one complex variable to holomorphic functions defined in the unit ball 1 of C n with values in C n . It is known that in several complex variables the Bloch's Theorem will fail if we do not put some additional restrictions on functions besides the usual normalization of the derivative at the origin. We shall show that many important properties for Bloch functions in one complex variable have analogs for functions in several complex variables. In particular, we generalize Bonk's Distortion Theorem. As applications, we give lower and upper bounds of Bloch constants for various subfamilies of Bloch functions defined in 1.
1.
Introduction. Let C be the complex plane. It is known that many results in geometric function theory of one complex variable are no longer true in several complex variables. In particular, Bloch's Theorem fails in several complex variables if there is no additional restriction on the class of functions considered (see [2] ). K. T. Hahn [3] proved that the conclusion of Bloch's Theorem is true for some families of holomorphic functions defined in the unit ball of C" with values in C n (such as the family of bounded holomorphic functions); he also estimated the Bloch constants for these families. R. M. Timoney [7] studied Bloch functions defined in certain domains of C n with values in C. Sheng Gong [8] also did some work on the Bloch constant in several complex variables.
In this paper, we would like to discuss some properties of Bloch functions defined in the unit ball of C n with values in C n (some mathematicians may prefer to use the term u Bloch Mapping" instead of Bloch function). In particular, we shall prove a generalization of Bonk's Distortion Theorem for Bloch functions (see [1] and [4] for Bonk's Distortion Theorem in one complex variable). As applications, we shall give lower bounds of the related Bloch constants. The definition of Bloch functions in this paper is closely related to Timoney's definition.
Let us first introduce some notation. We write a point (or a vector) For a € B, define φ a : B -> C n by
where is the projection of C" onto the plane {z e C n : z = ua for some u € C} (for a = 0 we let P a = 0), and Qa = I -Pa is the projection of C n onto the orthogonal complement of the above plane, where / denotes the identity mapping or the identity matrix. The results in the following lemma can be found in Rudin's book [6, pp. 23-30] . By definition of B(f(ά) 9 r(a, /)), we can find z n and z' n in G n such that z n φ z' n and f(z n ) = f{z' n ). Without loss of generality, we may assume that {z n } converges to z edG and {z' n } converges to z r G dG\ here dG denotes the topological boundary of (?. By continuity, f(z) and f{z') lie on the boundary of B(f(a), r(a, /)), and/(z) = /(z').
Bloch functions in
If z = z', then it is easy to see that f(z) is a critical value of / with the critical point z on the boundary of G.
Suppose z Φ z 1 . If both z and z' are not critical points of /, then the equality /(z) = f(z') and the local injectivity of / at the two points z and z' will imply that / is not injective (schlicht) in G. This is impossible. EXAMPLE (Duren and Rudin). For n = 2 and δ > 0, set then f δ e H(M), and ^(0) = /. P. Duren and W. Rudin proved that the image of / does not contain any ball of radius δ 9 so r(f δ ) < δ (see [2] for details).
Recall that the Bloch constant in one complex variable is defined 
Hence a holomorphic function / in B is a Bloch function if and only if each of its component functions is a Bloch function according to Timoney's definition [7] . Recall that a normal family is a family of holomorphic functions defined in a certain domain such that any sequence of functions in this family has a subsequence which converges uniformly on compact subsets of this domain. It is not difficult to see that in the case n = 1, the above definition is the usual definition for Bloch functions. The following theorem shows that this definition preserves some important properties of Bloch functions of one complex variable. THEOREM 
Suppose feH(B). Then (1) / is a Bloch function implies that the quantity is finite,
Thus, {|(/o φ)'{z)\: φ G Aut(B)} is locally uniformly bounded which implies that ^ is a normal family. By setting φ = / in the above inequality we obtain )l< 11/11/(1-l*l 2 ), Therefore,
Hence / is a Bloch function with ||/|| < K. (4) This follows from the fact that Aut(B) is a group.
REMARK. Theorem 1 shows that / is a Bloch function if and only if 11/11 < oo. We define the quantity ||/|| to be the Bloch norm of /. We should point out that the Bloch norm is only a semi-norm in the linear algebra sense. Now we want to establish a relation between this Bloch norm we just defined and the Bloch norm in [7] defined by using the Bergman metric on B. Let Q/(z) (z G B) be given by
where H z is the Bergman metric on B, that is,
for all u,veC n . The quantity sup{(?/(z): z G 1} is the Bloch norm defined in [7] except that the gradient of / has been replaced by f'(z) in the definition of Qf(z). By using Theorem 2 we can calculate (or estimate) the Bloch norm of a holomorphic function in H(B) explicitly.
It is easy to see that when n = 1, ||/|| = suρ{Q/(z): z G B} reduces to the usual Bloch norm. Recall that a holomorphic function / defined in the unit disk D of the complex plane is a Bloch function if and only if sup{(l-|z| 2 )|/(z)|:zGB}<cx).
One interesting question is: Can we use the above inequality to define Bloch functions when n > 2 ? The next theorem will show that the answer is affirmative. We call B{K) the Bloch constant of order K.
We have added the restriction ||/|| < K in the above definition of the Bloch constant. Later we shall see that B(K) is a positive constant which depends on K when n > 2. Therefore, the Bloch norm || || plays an essential role in the estimation of B(K). It turns out that there is another quantity which is also important. This quantity is given by = sup{(l -|z|
2 )
The second equality follows from the identity
which is a special case of Lemma 1(4). We call ||/||o the prenorm of /. I would like to thank the referee for pointing out that the quantity || ||o does satisfy the triangle inequality. (4) is proved.
REMARK. Theorem 4(4) implies that ||/||o = ||/|| = oo when r(f) = oo and n > 2. But unlike the case n = 1, the converse is not true. For example, let F e H(M) be the function satisfying where I n -\ is the identity matrix of rank n -1. Then ||.F||o = \\F\\ = oo and r(F) < 1 < oo.
The next theorem is a C n version of Bonk's Distortion Theorem (see [1] and [4] ). . By direct calculations, we obtain
and r(0 9 F K )<eC(K,n). Therefore, the lower bound on r(0, /) in Theorem 6 is a reasonable estimate; it is not off by more than a factor of e. Note that (since n = 1) in the above identity, r(f) = sup{radii of schlicht disks of /}, and 11/11 is the usual Bloch norm of /.
Suppose / e H(Ό), ||/|| = 1, and f(0) = 1. We need only to show that
Define F f e H(β) by
It is elementary but lengthy to verify that ||iy|| = K when K > [2\β /3] 1 /" (see [5] for details). Also, det(i^(0)) = 1. Hence F f e
K l~n r(f) > r(F f ) > B(K).
In fact, if \\Ff\\ < K is true for all K > 1, then by the same argument, B{K) < K ι~n B will be true for all K > 1.
Corresponding results for locally schlicht functions.
We know that a function / e H(M) is locally schlicht in B if and only if det(/'(z)) does not vanish in B. Recall that in the geometric function theory of one complex variable, the locally schlicht Bloch constant is defined to be #o = inf{r(/): / e H(Ό), /(0) = 1, and f(z) φ 0 for all z e D}.
Liu and Minda [4] established a sharp distortion theorem (an analog of Bonk's Distortion Theorem) for locally schlicht Bloch functions of one complex variable. For several complex variables, the analogs of Theorem 5 and Theorem 6 (and its corollary) hold. We will omit the proofs because the ideas are the same (see [5] for details). (3) Finally, we would like to point out that all of the results in this paper have analogs for holomorphic functions defined in the unit polydisc of C n , see [5] .
